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Transient Analysis of Crack in Composite Layered Medium
Subjected to Dynamic Loadings

Chien-Ching Ma*and Yi-Shyong Ing'
National Taiwan University, Taipei 10617, Taiwan, Republic of China

A semi-infinite crack in a layered medium subjected to antiplane dynamic loading is investigated. In analyzing
this problem, the fact that the reflections and diffractions of stress waves by the interface boundaryand by the crack
will generate an infinite number of waves must be taken into account. A useful fundamental solution is proposed,
and the solution is determined by superposition of the fundamentalsolution in the Laplace transform domain. The
proposed fundamental problem is the application of exponentially distributed traction (in the Laplace transform
domain) on the crack faces. Cagniard’s method for Laplace inversion is used to obtain the transient solution in
time domain. The final formulations for the stress intensity factor are expressed explicitly and the dynamic effect
of each wave is presented in a closed form. The results are valid for an infinite number of waves that are scattered
from the crack tip and reflected by the interface. Numerical calculations of dynamic stress intensity factors are

evaluated and discussed in detail.

I. Introduction

OST of the analyses done regarding cracked bodies are qua-

sistatic. There are numerous situations in which the material
inertia becomes significant and must be taken into account in the
analyses. The question of whether or not inertial effects are signifi-
cant depends on the loading conditions and the geometric config-
uration of the body. Inertial effects can arise either from applying
dynamic loading on a cracked solid or from rapid crack propaga-
tion. The inherent time dependence of a dynamic fracture process
results in mathematical models that are more complex than equiva-
lent quasistatic models. However, there is substantial interest in the
dynamic fracture problem because of its importance in many engi-
neeringapplications. The problemis encountered in impact damage
to fan blades and automotive and aircraft windshields.

The difficulty in determiningthe transientstressfield ina cracked-
elastic body subjected to dynamic loading is well known. A pre-
existing crack inside the medium would disturb the propagation
waves and make the theoretical analysis much more difficult than
that in a homogeneousmedium. A considerableamount of research
has been directed toward the solution of problems involving the in-
teraction of stress waves with the crack and boundary to improve
understanding of the behavior of material failure under dynamic
loading.

In conventional studies of a semi-infinite crack in an unbounded
medium subjected to dynamic loading, the complete solution is ob-
tained by integral transform methods together with direct appli-
cation of the Wiener-Hopf technique! and the Cagniard-de Hoop
method? of Laplace transform inversion. If the loading is replaced
by a nonuniformdistributionhaving a characteristiclength, then the
same procedure using integral transformation methods does not ap-
ply. The problem of an elastic solid containing a semi-infinite crack
subjected to concentrated point loading on the faces of the crack
has been studied by Freund.* He proposed a fundamental solution
arising froman edge dislocationclimbingalongthe line ahead of the
crack tip with a constant speed to overcome these difficulties of the
case with a characteristiclength. The solution can be constructed by
takingan integrationovera climbingdislocationof different moving
velocity. Basing their procedure on this method, Brock*~¢ and Ma
and Hou’-® have analyzed a series of problems of a semi-infinite
crack subjected to impact loading. For the problem of a crack of
finite length subjected to a suddenly applied crack face pressure,

Received Feb. 13, 1996; revision received July 25, 1996; accepted for
publication Dec. 23, 1996. Copyright 997 by the American Institute of
Aeronautics and Astronautics, Inc. All ts reserved.

*Professor, Department of Mechanical Engineering.

fGraduate Student, Department of Mechanical Engineering.

706

the integral transforms can be applied and a relationship among
sectionally analytical function is obtained that is somewhat more
complicated in form than the standard Wiener—Hopf equations. In
principal, the generalized Wiener—Hopf equations can be solved it-
eratively to obtain the complete solution. In practice, however, only
the first step in the iteration process has been carried out by Thau
and Lu® up until a dilatational wave has traveled the length of the
crack twice. A thorough summary of the applicationof the main di-
rect methods of analysis for transient problems in dynamic fracture
for elastic or inelastic problems has been given by Freund.!” For
an incident antiplane harmonic wave, Sih and Loeber!! and Mal'?
made detailed studies of the displacementand the stress field in the
vicinity of a finite crack.

Most of the solved dynamic fracture problems are regarded as
a semi-infinite crack subjected to a uniformly distributed dynamic
loading on the crack faces or subjectedto incident plane waves. For
the problems mentioned earlier, either the direct application of the
well-known Wiener-Hopf technique is used or the superposition
method proposed by Freund is performed to solve the problems.
However, if a crack is subjected to incident nonplanar waves, none
of the known methods can be used to obtain the transient solutions.
Recently Tsai and Ma!? proposed a new fundamental solution to
overcome these difficulties. The fundamental problem they consid-
ered is an exponentially distributed traction applied on crack faces,
and the solution is constructed by superpositionof the fundamental
solution in the Laplace transform domain. Tsai and Ma'? used this
new fundamental solution to obtain the transient solution for a sta-
tionary semi-infinite crack subjectedto a suddenly applied dynamic
inplane body force in an unbounded medium. This alternative fun-
damental solution also is applied successfully toward solving more
complicated transient problems'*~1¢ for a subsurface stationary in-
clined crack subjected to dynamic loadings.

Determination of the dependence of the dynamic stress intensity
factor (SIF) on body configurationand applied loading is a principal
objective in dynamic fracture. Analytical results for configurations
with boundaries other than the crack faces are rare. The interaction
of stress waves with cracks provides a way of altering the crack-
tip stress field, and thus provide the basis for the crack-branching
phenomenon.

Because the interaction of stress waves with a crack is an impor-
tantevent, we investigateit in greaterdetail. We extend the methodo-
logy that was used successfully in solvinga crack in a homogeneous
medium to construct the transient solution for a crack in the con-
figuration of a layered medium. Consider a layer of elastic material
with height 2/ that is sandwiched between two elastic half-spaces,
as shown in Fig. 1. A semi-infinite crack lies in the midplane of the
layer and is parallel to the interface. A dynamic concentrated line
load is applied tangentially to the free surfaces of the semi-infinite
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Fig. 1 Configuration and coordinate systems for a semi-infinite
straight crack in a sandwiched layered medium.
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Fig. 2 Configuration and coordinate systems of a crack in a layered
medium for two-dimensional analysis.

crack along a line parallel to the z axis. This problem generates a
deformation only in the z directionand is called the antiplane strain
deformation, which can be viewed as a two-dimensional problem,
as shown in Fig. 2. In analyzingthe problems, the interface bound-
aries and crack are considered in the analysis. The interaction of
the reflected waves generated from the interface boundariesand the
crack must be taken into account, which will make the analysis ex-
tremely difficult. It is impossible to solve this complicated problem
by using the standard Wiener—Hopf technique, and so, some other
approach must be followed. A useful fundamental solution is pro-
posed to overcome these difficulties. This proposed fundamental
solution is successfully applied toward solving the problem and is
demonstratedas an efficient methodologyto solve similar problems.
Because the SIF is the key parameter in characterizing dynamic
crack growth, we focus our attention mainly on the determination
of the dynamic SIF.

II. Required Fundamental Solutions

In this study, we consider a semi-infinite straight crack in a layer
with height 2/ of elastic medium that is sandwiched between two
elastic half-spaces as shown in Fig. 1. A rectangular coordinate
system labeled x, y, z is introduced and the crack surface is in
the x-z plane. Dynamic concentrated line loads are applied uni-
formly along the upper and lower semi-infinite crack surfaces in
the z direction with a distance / to the crack tip. The only nonzero
component of displacement is in the z direction and depends only
on x and y coordinates, i.e., u(x, y, z, t) = v(x, y,z, t) = 0 and
w(x, y, z,t) = w(x, y, t); such a deformation usually is called the
antiplane deformation. Hence this problem can be simplified as a
two-dimensional problem, as indicated in Fig. 2.

As usual in problems of the type considered here, superposition
of solutions plays a significant role. The solutions of the problem
considered in this study can be determined by superposition of the
following problems. Problem A treats a dynamic concentrated load-
ing acting on semi-infinite crack faces in an unbounded medium at
time ¢ = 0; the incident wave will be diffracted from the crack tip
and propagate toward the planesthat will eventually define the inter-
face boundaries. In problem B, an interface is considered in which
the boundary is subjected to incident waves that are equal to the
corresponding waves generated from the crack tip in problem A.
Problem C considers an infinite body containing a semi-infinite
crack in which the crack is subjected to the reflected waves that
are generated by the interface boundary in problem B. The three
fundamental problems A, B, and C are superimposed to obtain the
solution for stress waves interacting with a crack. The reflected
waves induced from the interface boundary, as indicated in prob-
lem B, can be obtained by constructing the solution for incident

cylindrical waves interacting with an interface in a layered medium.
Problem A is a well-known problem for a semi-infinite crack in an
unbounded medium, and many efforts have been devoted to analy-
zing this problem.

Problem C in the aforementioned three fundamental problems is
the only one that needs careful analysis. The problem that we deal
with is the interaction of a crack with cylindrical reflected waves,
which causes the only difficulty in the analysis. For most of the dy-
namic problems, the propagating waves can be represented in an ex-
ponential functional form in the Laplace transform domain of time.
The reflected and diffracted waves generated by the interface bound-
aries and by the crack thus can be constructed by the superposition
method, that is, if the responses toward an applied exponentially
distributed traction on boundaries in the Laplace transform domain
can be obtained preliminarily. The proposed superpositionscheme,
unlike usual superposition methods that are performed in the time
domain, is performed in the Laplace transform domain.

Consider the fundamental problem of antiplane deformation for
a semi-infinite crack in an unbounded medium. The solution for an
exponentially distributed loading applied at the crack faces in the
Laplacetransformdomain is referredto as the fundamentalsolution.
The problemcan be viewed as a half-planeproblem with the material
occupying the region y > 0 and subjected to the following mixed
boundary conditions in the Laplace transform domain:

T.(x.0,5) = & o <0 )

w(x,0,5) =0 0<x< 00 )

where s is the variable of the Laplace transform on time ¢ and 1
is a constant that can be considered as a superposition parameter.
The overbardenotes the transformon time 7. The one-sided Laplace
transform with respect to time and the two-sided Laplace transform
with respect to x are defined by

st
w(x, y, t)e—"dt
0

w(x, y,s) = ]
WA, y,s) = ] ooﬁ'()c, ¥, 8) =" dx
—00
where Ais the variableof the two-sided Laplace transformon x. This
fundamentalproblem can be solved by usingthe standard transform
method and the Wiener—Hopf technique. The governing equation
can be represented by the two-dimensional wave equation

o’w N w 0w 3)
ox2  0y? T or
where b is the slowness of the shear wave given by

b:l/vxz\/;%

in which w(x, y, t) is the displacement normal to the x-y plane;

v, is the shear wave speed, u and p are, respectively, the shear

modulus and the mass density of the material. The nonvanishing

shear stresses are

w m:u%l (4)
X

This fundamental problem can be solved by the applicationof in-
tegral transforms. The one-sided Laplace transform is applied over
time, the two-sided Laplace transform is applied over x under the
restriction of Re(1]) > Re(A), and, finally, the Wiener-Hopf tech-
nique is implemented. The solutions of stresses and displacement
expressed in the transform domain for the boundary conditions (1)
and (2) are

. 1 b+ NEe=@—*
T}'Z(Xa ) S) = g] %d)« (5)
Lo (b+min_A
_ 1 Ae_,r(ay_l‘()
sz(xa Yy, S) = —_] T T d)., (6)
27 1 (b+ I A(b )2
_ 1 e_,r(ay_l‘()
w(x, y,s) = _—.] A (1)
271 | vy ps(b+ 13 (Wb _1)?
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where
A= b+A b_A=o (Do (D

The correspondingresult for the dynamic SIF in the Laplace trans-
form domain is

K(s) = xlill,lo \77rx7€yz(x, 0,s)

2
= —W (®)

III. Transient Analysis of Dynamic SIF

Consider the problem of a semi-infinite crack in an infinitely
long strip of a layered medium, as shown in Fig. 2. Attime t = 0,a
pair of concentrated antiplane dynamic loadings with magnitude p
are applied at the crack faces with a distance / from the crack tip.
The time dependence of the dynamic loading is represented by the
Heaviside step function H(t). Inthis problem, the cylindricalwaves
induced from the dynamic concentrated loading and the diffracted
waves generated from the crack tip will be reflected from horizon-
tal interface boundaries; these waves will interact with the crack at
some later time. The major difficulty in analyzing this problem is
the one that deals with the interaction of reflected waves with the
semi-infinite crack, and the superposition technique of the funda-
mental solutions in the Laplace transform domain are used in the
analysis. The analytical work provided in this study is valid for the
case of b; < b,. The transient solutions are composed of incident
field, reflected field, and diffracted field, which are denoted by su-
perscripts of i, r, and d, respectively. Before the time that the i and
d waves are reflected from the interface boundaries of the strip, the
problem can be consideredas a semi-infinite crack in an unbounded
medium.

The incident field of the cylindrical wave generated by the con-
centrated loading expressed in the Laplace transform domain can
be obtained as follows:

_ 1
To(x.0.5) = 5 ] —pet g )
A

The applied traction on the crack face as indicated in Eq. (9) has
a functional form ¢***. Because the solutions of applying traction
e*™ on crack faces in the Laplace transform domain were solved
in Sec. 11, the diffracted field generated from the stationary semi-
infinite crack can be constructedby superimposingthe incident wave
traction that is equal to Eq. (9). When we combine Egs. (5) and (9),
the solution for a diffracted wave in the Laplace transform domain
can be expressed as follows:

1
(Xy,?)—zml P[z—m.

By using the Cagniard—-de Hoop method of Laplace inversion, the
incident and diffracted stress fields in the time domain are obtained
as follows:

pisinf@

T(x,y, 1) = ——=————H(t _bir) (11)
mr(2 _bir2)?
wrp = 505
t_byiry an_anz
N
X]blh Re[H(rh, ) _Hr, 1 2) 3 d
(12)

where
h l‘z2 2 : :
= h_,_zs, = —005924_1 p > _bi| sin6
2
= [(x + h)* + »))]2, 0= cos—l(x_:h)
= (2 + )7, 6, = cos—! ( i)
r
b 3
H(my, ) = (b1 + 1b) =+t

(1 — 1) (b1 + 10)*
The corresponding dynamic SIF induced by the diffracted wave

is
K*(1) = pA2/ mh) H(t _ b, h) (13)

The dynamic SIF shown in Eq. (13) jumps from zero at the in-
stantthatthe cylindrical wave generated by the concentratedloading
reaches the crack tip. This solution is the same as that for a semi-
infinite crack in an unbounded medium and subjected to a dynamic
point loading, which is also the equilibrium SIF for the specified
applied loading on a semi-infinite crack.

After some later time, the incident wave (i wave) generated from
the dynamic concentrated loading and the diffracted wave (d wave)
radiated out from the crack tip will be reflected from the interface,
which are indicated as the ir and dr waves, respectively. The solu-
tions for reflected waves generated from the interface expressed in
the Laplace transform domain can be obtained as follows:

.y 1
r+dr
B (xp) =

e
rs(mpou ()
—2 MMexplsai(y _2)+ stpx]dnpd
XH s € explsai( 20+ smpx] i i
(14)
where
= H10h — Hh Oy

T o+ o

The induced dynamic SIF by ir and dr waves can be obtained
by setting y = 0 in Eq. (14) and superimposing the fundamental
solution expressed in Eq. (8). The result for the SIFs expressed in
the Laplace transform domain have the following form:

1
K”d+drd(?) —_

42

#ﬂex [shm —2scq(1p)l]drpd
XH jnl_nz)ou(nl) P — S AL T :'115)

! ] bi+m)?
Ty (A_1p)(by + A7

exp[s(ogy _T}zx)]dnz] da (10)

The dynamic SIFs expressed in time domain are

[T o (A) .
v (16)

f, cos sin
cos6) sinf)

0, = cos! ( ﬂ)
r

K”d(l‘) — 2]'p

0 [ Y (i) @ 31)
%/2 ]blrl

where

A=

= [1* + 21)E,
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and

ot o

5ot - _2b1l
Kdrd(t) — —P ;/ T 1
T2 bih+2b1 ) bih t

where

TH = iy Zz§/4zz) _b,

Finally, the complete transient solutions for dynamic SIF that ac-
count for the contributions of all the reflected and diffracted waves
are obtained explicitly. The solutions can be simplified into a very
compact form as follows:

K(1) = Ko(t)+221(’"(t)+i ”KO'”(I)+222”“K’"'”(I)

(18)

rﬁt:_(tllh)iia h+bh =t

where

K(t) = p\ 2/ wh) H(1 _b1h) (19)

=, _( +m) m ont
k(=2 ;2/ 1 lm{ [0 ] nl‘"’} dr
N T a.(1f,)  on

birm  Lj— n=r
\/ (20)

Km-’l(t)_ 2[) 5"] t aj ay
h \7(2%)”“ birm +2nbyl | byrp | 2611

in which
ay = t_2nbl
aj=T_th b i1 _2n_j+ bl
j=2,3,...,n
qg=0 when n=13,5,...

g=1 when n=246,...

1(T}2+)
R [ 7/3
T

J

- ds d 17
a g —g) an on | _ (17

Note that the solutions for more general crack face loadings can
be obtained on the basis of the result shown in Eq. (18). Sup-
pose that the crack faces are loaded by a pair of concentrated dy-
namic loadings applied at x = _/ with time dependent pg(¢) and
g(#) = 0 for ¢+ < 0. The dynamic SIF for this modified problem
is

Ke() = ] K _8k(&E

However, if a traction distribution p f (x) is suddenlyapplied over
the interval x; < x < X, on crack faces, then the transient SIF of
the problem is

K/ (1) = ] K(t; x) f(x)dx
X
where K(¢) has been obtained explicitly in Eq. (18).

For the numerical calculation of the transient SIF, we consider a
semi-infinite crack in a layered medium and subjected to a pair
of dynamic concentrated loadings on the stationary crack faces
at time 1 = 0. The induced wave fronts for reflected, refracted,
and diffracted in a short time period are plotted in Fig. 3. The

as

an 1
—=SIF,,, dt, dt,_, ...dydtT (21)
2b11 2b11

1T
»\/
Vv

time dependence of the dynamic loading is the Heaviside func-
tion H(t). The dynamic SIFs for various situations are shown in
Figs. 4-9. Figure 4 shows the dynamic SIF for g1,/ tt; = 0, which is
the case for a semi-infinite crack in an infinitely long strip with
traction-free boundary conditions on strip surfaces. We can see
that the transient solution approachesthe correspondingstatic value
(K =p (3/D[1_e=""11-112)afterthe first few waves have passed
the crackfp, and the low // [ ratio case approaches the static value
fasterthan the high A/ [ ratio case. Figures 5—7 show the transientre-
sponse of dynamic SIF for different values of tto/ p; for i/ 1 = 0.5,

SIF _ Re{ [7/%(1/’?_-"1)]"17/%(”-2_0-)7/%(1/’;) ...7/%(77;1—'11)( ianl'—._m/atl) ...( ianni/atn)( ian;+ l/atn+l)} for 0= 1 3 5
e ou (e, O, ) O ) O, ) (g g, ) S

- _Im{[)f%(ﬁfm)]m?/%(ﬁr*)@(rl,‘rf) ey (g (g om, fon) L ( iarr,,r/atn)(ianzﬂ/at,,ﬂ)} P
e oy (e, ) (g, 1) (e ) (e (e gt ) _ S

=7

ticos@, .sin6, 7 20

Iﬁ'—' = l r

om =+ 1 ="1"m
I'm - 'm

= [h* + (2ml)2]%; 0, = cos™! ( _h) if
' daf
2

15
=4 (4—;2)_bf, J=2.3.4, ...

tj:t_tl_tz_____tj_l, j:2,3,4,4“

Hioa(n) — thoa(n)
Hiog(n) + ta0e(n)

o () = oy (o () = 1/b + My _1

a(n) = \/bz + b, _n

r(m =

Fig. 3 Configuration of wave fronts in the layered medium during a
short time period.
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1, and 2, respectively. The case for /gy = 0 corresponds to
the traction-free boundary condition, and g1,/ tt; = orresponds
to the rigid boundary conditions. It is indicated that the material
properties of the layered medium affect the transient behavior quite
significantly and i,/ 1, = 0 cause the highest value of SIF whereas
Wl py = induces the lowest value. Figures 8 and 9 represent
the results %ggifferent ratios of shear wave speed b,/ b, and A/ I.
Note that the lower i,/ 11, ratio always causes the higher SIF, and
the traction-free boundary condition (i.e., t,/ tt; = 0) induces the
largest value of SIF during the transient period.

Conclusions

The phenomena of crack propagation, arrest, and branching are
important subjects in the areas of dynamic fracture analysis. The
interaction of reflected waves with a crack for dynamic loading sit-
uationshad beendiscussed only in experimentalworks. Experimen-
tal results indicated that the reflected waves dominate the stability
of crack propagation. It is very important to have the analytical
results to investigate this important event, but it seems difficult to
obtainthe analyticalsolutions by usingthe well-known conventional
method.

We propose a powerful superposition methodology, and a useful
fundamental problem is constructed. The fundamental problem is
that of applying an exponentially distributed traction on the crack
face, and the transient solution is determined by superposition of
the fundamental solution in the Laplace transform domain. A pair
of dynamic loadings applied on semi-infinite crack faces in a con-
figurationof layered medium with a strip is investigated. An explicit
and completeresult forthe dynamic SIF is obtained in a closed form,
and numerical results are evaluated in detail. The numerical results
show that the SIFs induced by reflected waves from the interface
are significant and the traction-freeboundary will cause the highest
SIF in the transient analysis.

In the foregoing sections, the dependence of the transient history
of the SIF on the applied loading and geometry is shown. The SIF
provides a one-parameterrepresentationof the stress level near the
crack tip and provides a basis for quantifying the resistance of ma-
terials to the onset of growth of a preexisting crack. There still are
many unanswered questions in dynamic fracture, and this work may
provide a useful technique for further investigationin more compli-
cateddynamicfracture problemsespeciallyon the crack propagation
event. The proposed method already has been extended to solve the
more difficult problem of crack propagation with boundary effects,
and the results will be shown in a future paper.
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